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The solution of the Minkowski problem for open surfaes in Riemannian spa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The solution of the Minkowski problem for open surfaes in
Riemannian spae.
Andrei I. Bodrenko
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Abstrat
Author redues the Minkowski problem to the problem of onstrution the G-deformations
preserving the produt of prinipal urvatures for every point of surfae in Riemannian spae. G-
deformation transfers every normal vetor of surfae in parallel along the path of the translation for
eah point of surfae. The ontinuous G-deformations preserving the produt of prinipal urvatures
of surfae with boundary are onsidered in this artile. The equations of deformations whih are
obtained in this paper redue to the nonlinear boundary-value problem. The method of onstrution
ontinuous G-deformations preserving the produt of prinipal urvatures of surfae with boundary
and its qualitative analysis are presented in this artile.
Introdution
The Minkowski problem (MP) is well known fundamental problem of dierential geometry.
There have been published a number of artiles on this subjet sine 1903. But all authors
have studied this problem in Eulidean or pseudo-Eulidean spaes. They were H. Minkowski,
A.V. Pogorelov, A.D. Aleksandrov, W.J. Firey and many others. We know many
generalizations of the MP in Eulidean and pseudo-Eulidean spaes.
V.T. Fomenko [21℄ studied the MP by the methods of deformation theory in Eulidean
spae.
The MP in Riemannian spae diers substantially from the MP in Eulidean spae. The
MP in Riemannian spae is muh more ompliate than the MP in Eulidean spae.
Author of this artile reated for the rst time the method of nding solutions of the MP
in Riemannian spae using deformation theory.
Author have studied AG-deformations in Eulidean spaes in [1-16℄. It was very hard to
obtain the equation system of AG-deformations in Riemannian spae and muh harder to
solve it. V.T. Fomenko in [24℄ studied innitesimal ARG-deformations in Riemannian spae.
The methods developed in [1-16℄ are very useful for nding the solution of the Minkowski
problem.
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1. Basi denitions. Statement of the main result.
Let R3 be the three-dimensional Riemannian spae with metri tensor a˜αβ, F be the two-
dimensional simply onneted oriented surfae in R3 with the boundary ∂F.
Let F ∈ Cm,ν , ν ∈ (0; 1), m ≥ 4, ∂F ∈ Cm+1,ν . Let F has all stritly positive prinipal
urvatures k1 and k2. Let F be oriented so that mean urvature H is stritly positive. Denote
K = k1k2.
Let F be given by immersion of the domain D ⊂ E2 into R3 by the equation: yσ =
fσ(x), x ∈ D, f : D → R3. Denote by dσ(x) = √gdx1 ∧ dx2 the area element of the surfae
F . We identify the points of immersion of surfae F with the orresponding oordinate sets
in R3. Without loss of generality we assume that D is unit disk. Let x1, x2 be the Cartesian
oordinates.
Symbol ,i denotes ovariant derivative in metri of surfae F. Symbol ∂i denotes partial
derivative by variable xi. We will assume f˙ ≡ df
dt
. We dene ∆(f) ≡ f(t)− f(0).
Indies denoted by Greek alphabet letters dene tensor oordinates in Riemannian spae
R3. We use the following rule: a formula is valid for all admissible values of indies if there
are no instrutions for whih values of indies it is valid. We use the Einstein rule. We assume
that integer m1 satises the ondition 0 ≤ m1 ≤ m− 2.
We onsider ontinuous deformation of the surfae F : {Ft} dened by the equations
yσt = y
σ + zσ(t), zσ(0) ≡ 0, t ∈ [0; t0], t0 > 0. (1.1)
Denition 1 . Deformation {Ft} is alled the ontinuous deformation preserving the produt
of prinipal urvatures ( or M−deformation [21℄) if the following ondition holds: ∆(K) = 0
and zσ(t) is ontinuous by t.
The deformation {Ft} generates the following set of paths in R3
uα0(τ) = (yα0 + zα0(τ)), (1.2)
where zα0(0) ≡ 0, τ ∈ [0; t], t ∈ [0; t0], t0 > 0.
Denition 2 . The deformation {Ft} is alled the G−deformation if every normal vetor
of surfae transfers in parallel along the path of the translation for eah point of surfae.
Let, along the ∂F , be given vetor eld tangent to F. We denote it by the following
formula:
vα = liyα,i. (1.3)
We onsider the boundary-value ondition:
a˜αβz
αvβ = γ˜(s, t), s ∈ ∂D. (1.4)
Let vα and γ˜ be of lass Cm−2,ν .
We denote:
λ˜k = a˜αβy
α
,kv
β, k = 1, 2. (1.5)
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λk =
λ˜k
(λ˜1)2 + (λ˜2)2
, k = 1, 2. (1.6)
λ(s) = λ1(s) + iλ2(s), s ∈ ∂D. (1.7)
Let n be the index of the given boundary-value ondition
n =
1
2pi
∆∂D arg λ(s). (1.8)
Theorem 1 . Let F ∈ Cm,ν , ν ∈ (0; 1), m ≥ 4, ∂F ∈ Cm+1,ν . Let a˜αβ ∈ Cm,ν , ∃M0 =
const > 0 suh that ‖a˜αβ‖m,ν < M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0. Let vβ, γ˜ ∈
Cm−2,ν(∂D), γ˜ is ontinuously dierentiable by t. Let, at the point (x1(0), x
2
(0)) of the domain
D, the following ondition holds: ∀t : zσ(t) ≡ 0.
Then the following statements hold:
1) if n > 0 then there exist t0 > 0 and ε(t0) > 0 suh that for any admissible γ˜
satisfying the ondition: | ˙˜γ|m−2,ν ≤ ε for all t ∈ [0, t0) there exists (2n − 1)−parametri
MG−deformation of lass Cm−2,ν(D¯) ontinuous by t.
2) if n < 0 then there exist t0 > 0 and ε(t0) > 0 suh that for any admissible γ˜
satisfying the ondition: | ˙˜γ|m−2,ν ≤ ε(t0) for all t ∈ [0, t0) there exists nor more than one
MG−deformation of lass Cm−2,ν(D¯) ontinuous by t.
3) if n = 0 then there exist t0 > 0 and ε(t0) > 0 suh that for any admissible γ˜ satisfying
the ondition: | ˙˜γ|m−2,ν ≤ ε for all t ∈ [0, t0) there exists one MG−deformation of lass
Cm−2,ν(D¯) ontinuous by t.
We denote:
a˜αβ(t) ≡ a˜αβ(yσ + zσ(t)), a˜αβ(0) ≡ a˜αβ .
Γγαβ(t) ≡ Γγαβ(yσ + zσ(t)), Γγαβ(0) ≡ Γγαβ .
bij(t) ≡ bij(yσ + zσ(t)), bij(0) ≡ bij . b(t) ≡ b(yσ + zσ(t)), b(0) ≡ b.
gij(t) ≡ gij(yσ + zσ(t)), gij(0) ≡ gij. g(t) ≡ g(yσ + zσ(t)), g(0) ≡ g.
aj(t) ≡ aj, c(t) ≡ c, zσ(t) ≡ zσ.
2. Dedution of G−deformation formulas for surfaes in
Riemannian spae.
The deformation {Ft} of surfae F is dened by (1.1).
We denote:
zσ(t) = aj(t)yσ,j +c(t)n
σ, (2.1)
where aj(0) ≡ 0, c(0) ≡ 0. Therefore the deformation of surfae F is dened by funtions aj
and c.
We denote:
∇∗i zα = zα,i + Γαγσ(0)zσyγ,i . (2.2)
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Then we have (see [27℄):
∇∗jzα = (aibij + c,j )nα + (ai,j −cbjmgmi)yα,i (2.3)
The ondition of G−deformation is equivalent to the following equality:
a˜α0βA
∗α0
i (t)n
β = 0, (2.4)
where A∗α0i (t) is the result of parallel translation of tensor (y
α0
,i + z
α0
,i (t)) from the point
(yα0 + zα0(t)) to the point (yα0) along the path of the translation for eah point of surfae
by deformation, i.e. along the following urve:
uα0(τ) = (yα0 + zα0(τ)), (2.5)
where zα0(0) ≡ 0, τ ∈ [0; t].
Then parallel translation of tensor yα0,i + z
α0
,i (t) redues to the following Cauhy problem:
nd Aα0i (t, τ) satisfying the equations:
dAα0i (t, τ)
dτ
+ Γα0βγ(τ)z˙
β(τ)Aγi (t, τ) = 0, α0 = 1, 2, 3, τ ∈ [0; t], (2.6)
with initial boundary value onditions:
Aα0i (t, t) = y
α0
,i + z
α0
,i (t). (2.7)
We denote:
Aα0(1)γ0(t, τ) =
t∫
τ
Γα0β0γ0(τ0)z˙
β0(τ0)dτ0. (2.8)
For k ≥ 2 we denote:
Aα0(k)γk−1(t, τ) =
t∫
τ
t∫
τ0
...
t∫
τk−2
(
k−1∏
j=0
Γ
αj
βjγj
(τj)z˙
βj (τj))dτ0dτ1...dτk−1. (2.9)
and for j ≥ 1, k ≥ 2 we assume
αj ≡ γj−1. (2.10)
Lemma 2.1. The following inequalities hold:
‖Aα0(1)γ0(t, τ)‖m1,ν ≤ t‖Γ‖(t)m1,ν‖z˙‖(t)m1,ν , τ ∈ [0; t]. (2.11)
‖Aα0(k)γ0(t, τ)‖m1,ν ≤ tk(‖Γ‖(t)m1,ν)k(‖z˙‖(t)m1,ν)k, τ ∈ [0; t]. (2.12)
The proof follows from aspets of Aα0(k)γ0(t, τ).
Lemma 2.2. Let the following onditions hold:
1) metri tensor in R3 satises the onditions: ∃M0 = const > 0 suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
4
The solution of the Minkowski problem for open surfaes in Riemannian spae.
2) ∃t0 > 0 suh that c(t), c,i(t), ak(t), ∂iak(t) are ontinuous by t, ∀t ∈ [0, t0], c(0) ≡
0, c,i(0) ≡ 0, ak(0) ≡ 0, ∂iak(0) ≡ 0.
3) ∃t0 > 0 suh that zα(t) ∈ Cm−2,ν , zα,i(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then there exists t∗ > 0 suh that ∀t ∈ [0, t∗) exists the unique result A∗α0i (t) of translation
in parallel of the tensor (yα0,i + z
α0
,i (t)) from the point (y
α0 + zα0(t)) to the point (yα0) along
the path of the translation for eah point of surfae by deformation. A∗α0i (t) has the following
representation
A∗α0i (t) = y
α0
,i + z
α0
,i (t) +
∞∑
k=1
(y
γk−1
,i + z
γk−1
,i (t))A
α0
(k)γk−1
(t, 0). (2.13)
A∗α0i (t) is of lass C
m−3,ν
and ontinuous by t.
Proof. Finding the result of translation in parallel of the tensor along the given urve
brings to the Cauhy problem of dierential equation system. Using the methods represented
in [19, p. 56℄ we redue the dierential equation system to the integral equation system whih
is resolved by the method of suessive approximations.
The null approximation is:
A∗α0(0)i(t) = y
α0
,i + z
α0
,i (t). (2.14)
The p−th (p > 0) approximation of Cauhy problem is:
A∗α0(p)i(t) = y
α0
,i + z
α0
,i (t) +
p∑
k=1
(y
γk−1
,i + z
γk−1
,i (t))A
α0
(k)γk−1
(t, 0). (2.15)
Taking into aount that Cm,ν is omplete normed spae, lemma 2.1. and using reasonings
that are similar to the ones from [19, p. 56℄ for solution of this Cauhy problem we get the
proof of lemma 2.2.
Lemma 2.3. Let the onditions of lemma 2.2 hold. Then there exists t∗ > 0 suh that
∀t ∈ [0, t∗) the following holds:
A˙∗α0i (t) = z˙
α0
,i (t) +
∞∑
k=1
z˙
γk−1
,i (t)A
α0
(k)γk−1
(t, 0) +
∞∑
k=1
(y
γk−1
,i + z
γk−1
,i (t))A˙
α0
(k)γk−1
(t, 0). (2.16)
A˙∗α0i (t) is of lass C
m−3,ν
and ontinuous by t.
The proof follows from the rules of termwise dierentiation of funtional series, lemmas
2.1., 2.2. and the properties of spae Cm−3,ν .
Let obtain the equations of G−deformation and transform them to the appropriate for
our method form.
We denote σ ≡ γk−1. Then we have:
A∗α0i (t) = y
α0
,i + z
α0
,i (t) + (y
σ
,i + z
σ
,i(t))
∞∑
k=1
Aα0(k)σ(t, 0). (2.17)
We denote:
∇∗i zα0(t) = zα0,i (t) + Γα0β0σ(0)yσ,izβ0(t). (2.18)
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We an write (2.17) in the following form:
A∗α0i (t) = y
α0
,i + z
α0
,i (t) + Γ
α0
β0σ
(0)yσ,iz
β0(t)+
(yσ,i + z
σ
,i(t))A
α0
(1)σ(t, 0)− Γα0β0σ(0)yσ,izβ0(t) + (yσ,i + zσ,i(t))
∞∑
k=2
Aα0(k)σ(t, 0). (2.19)
Inserting (2.18) into (2.19), we get:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + zσ,i(t)Aα0(1)σ(t, 0)+
yσ,i(A
α0
(1)σ(t, 0)− Γα0β0σ(0)zβ0(t)) + (yσ,i + zσ,i(t))
∞∑
k=2
Aα0(k)σ(t, 0). (2.20)
Therefore we an write (2.20) as:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + zσ,i(t)
∞∑
k=1
Aα0(k)σ(t, 0)+
yσ,i(A
α0
(1)σ(t, 0)− Γα0β0σ(0)zβ0(t)) + yσ,i
∞∑
k=2
Aα0(k)σ(t, 0). (2.21)
We denote:
Sα0(1)σ(t, 0) =
∞∑
k=1
Aα0(k)σ(t, 0). (2.22)
Sα0(2)σ(t, 0) =
∞∑
k=2
Aα0(k)σ(t, 0). (2.23)
Using (2.22), (2.23) from (2.21), we obtain:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + zσ,i(t)Sα0(1)σ(t, 0)+
yσ,i(A
α0
(1)σ(t, 0)− Γα0β0σ(0)zβ0(t)) + yσ,iSα0(2)σ(t, 0). (2.24)
We denote:
Sα0(3)i(t, 0) = y
σ
,i(A
α0
(1)σ(t, 0)− Γα0β0σ(0)zβ0(t)) + yσ,iSα0(2)σ(t, 0). (2.25)
From (2.24) and (2.25) we get:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + zσ,i(t)Sα0(1)σ(t, 0) + Sα0(3)i(t, 0). (2.26)
From (2.1), we get:
zσ,i (t) = a
j ,i y
σ,j +c,i n
σ + ajyσ,j,i + cn
σ
,i. (2.27)
Inserting (2.27) into (2.26), we have:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + Sα0(3)i(t, 0) + (aj ,i yσ,j +c,i nσ)Sα0(1)σ(t, 0)+
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(ajyσ,j,i + cn
σ
,i)S
α0
(1)σ(t, 0). (2.28)
We denote:
Sα0(4)i(t, 0) = S
α0
(3)i(t, 0) + (a
jyσ,j,i + cn
σ
,i)S
α0
(1)σ(t, 0). (2.29)
Insertion (2.29) into (2.28), we obtain:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + Sα0(4)i(t, 0) + (aj,i yσ,j +c,i nσ)Sα0(1)σ(t, 0). (2.30)
Consider the following formula:
aj ,i= ∂i(a
j) + Γjpia
p. (2.31)
Then, form (2.30) and (2.31), we have:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + (∂i(aj)yσ,j +c,i nσ)Sα0(1)σ(t, 0)+
Sα0(4)i(t, 0) + Γ
j
pia
pyσ,j S
α0
(1)σ(t, 0). (2.32)
We denote:
Sα0(5)i(t, 0) = S
α0
(4)i(t, 0) + Γ
j
pia
pyσ,j S
α0
(1)σ(t, 0). (2.33)
T α00 (t, 0) = n
σSα0(1)σ(t, 0). (2.34)
T α0j (t, 0) = y
σ,j S
α0
(1)σ(t, 0), j = 1, 2. (2.35)
Using (2.33), (2.34) and (2.35), we an write (2.32) in the following form:
A∗α0i (t) = y
α0
,i +∇∗i zα0(t) + c,i T α00 (t, 0) + ∂i(aj)T α0j (t, 0) + Sα0(5)i(t, 0). (2.36)
For G−deformation the following ondition holds:
a˜α0β0A
∗α0
i (t)n
β0 = 0. (2.37)
Insertion (2.36) into (2.37), we have:
a˜α0β0A
∗α0
i (t)n
β0 = albli + c,i+c,i a˜α0β0T
α0
0 (t, 0)n
β0+
∂i(a
j)a˜α0β0T
α0
j (t, 0)n
β0 + a˜α0β0S
α0
(5)i(t, 0)n
β0. (2.38)
We denote:
Nj(t, 0) = a˜α0β0T
α0
j (t, 0)n
β0, j = 0, 1, 2,
Qi(t, 0) = a˜α0β0S
α0
(5)i(t, 0)n
β0 . (2.39)
Then the equations of G−deformation are:
albli + (1 +N0(t, 0))c,i+∂ia
jNj(t, 0) +Qi(t, 0) = 0, i = 1, 2. (2.40)
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3. The estimations of norms.
We denote:
‖S(p)‖(t)m1,ν = maxα0,σ ‖Sα0(p)σ(t, 0)‖m1,ν, p = 1, 2.
‖S(l)‖(t)m1,ν = maxα0,i ‖Sα0(l)i(t, 0)‖m1,ν , l = 3, 4, 5.
‖T‖(t)m1,ν = maxα0,j=0,1,2 ‖T α0j (t, 0)‖m1,ν .
‖N‖(t)m1,ν = maxj=0,1,2 ‖Nj(t, 0)‖m1,ν .
‖Q‖(t)m1,ν = maxi ‖Qi(t, 0)‖m1,ν .
Lemma 3.1. The following estimations hold:
1) ‖S(1)‖(t)m1,ν ≤
∑
∞
k=1(t‖Γ‖(t)m1,ν‖z˙‖(t)m1,ν)k.
2) ‖S(2)‖(t)m1,ν ≤
∑
∞
k=2(t‖Γ‖(t)m1,ν‖z˙‖(t)m1,ν)k.
3) ‖S(3)‖(t)m1,ν ≤ Kt‖z‖(t)m1,ν‖z˙‖(t)m1,ν +K2
∑
∞
k=2(t‖Γ‖(t)m1,ν‖z˙‖(t)m1,ν)k.
4) ‖S(4)‖(t)m1,ν ≤ ‖S(3)‖(t)m1,ν +M9‖z‖(t)m1,ν‖S(1)‖(t)m1,ν .
5) ‖S(5)‖(t)m1,ν ≤ ‖S(4)‖(t)m1,ν +M10‖S(1)‖(t)m1,ν .
6) ‖T‖(t)m1,ν ≤M11‖S(1)‖(t)m1,ν .
7) ‖N‖(t)m1,ν ≤ M14‖S(1)‖(t)m1,ν.
8) ‖Q‖(t)m1,ν ≤M15‖S(5)‖(t)m1,ν .
The proof of lemma follows from the forms of estimated funtions and properties of norms
in the spae Cm1,ν .
Lemma 3.2. Let the following onditions hold:
1) metri tensor in R3 satises the onditions: ∃M0 = const > 0 suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
2) ∃t0 > 0 suh that c(t), c,i(t), ak(t), ∂iak(t) are ontinuous by t, ∀t ∈ [0, t0], c(0) ≡
0, c,i(0) ≡ 0, ak(0) ≡ 0, ∂iak(0) ≡ 0.
3) ∃t0 > 0 suh that zα(t) ∈ Cm−2,ν , zα,i(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∀ε > 0∃t0 > 0 suh that
1) ‖S(i)‖(t)m−2,ν ≤ ε, ∀t ∈ [0, t0], i = 1, 5.
2) ‖T‖(t)m−2,ν ≤ ε, ∀t ∈ [0, t0].
3) ‖N‖(t)m−2,ν ≤ ε, ∀t ∈ [0, t0].
4) ‖Q‖(t)m−2,ν ≤ ε, ∀t ∈ [0, t0].
The proof of lemma follows from the forms of onsidered funtions and properties of the
spae Cm,ν and previous lemmas.
4. Transformation of the G−deformations equations.
We introdue onjugate isothermal oordinate system where bii = V, i = 1, 2, b12 = b21 = 0.
Then we have the equation system from (2.40):
c,1 (1 +N0) + V a
1 +Nk∂1a
k +Q1 = 0
c,2 (1 +N0) + V a
2 +Nk∂2a
k +Q2 = 0 (4.1)
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We dierentiate the rst equation by x2, the seond one by x1, and subtrat from the
rst equation the seond one. Then we obtain:
V ∂2a
1 − V ∂1a2 + c,1∂2N0 − c,2∂1N0 + ∂1ak∂2Nk − ∂2ak∂1Nk+
∂2V a
1 − ∂1V a2 + ∂2Q1 − ∂1Q2 = 0. (4.2)
We denote
Ψ1 = −(c,1∂2N0 − c,2∂1N0 + ∂1ak∂2Nk − ∂2ak∂1Nk + ∂2Q1 − ∂1Q2)/V. (4.3)
Then, from (4.2) and (4.3), we have the following equation:
∂2a
1 − ∂1a2 + pkak = Ψ1, (4.4)
where p1 = ∂2(lnV ), p2 = −∂1(lnV ). Note that pk do not depend on t.
Dierentiating the equation (4.4) by t we obtain the following equation:
∂2a˙
1 − ∂1a˙2 + pka˙k = Ψ˙1. (4.5)
5. Solution of the equation system (4.1):
nding funtion c˙ on funtions a˙i.
We will solve the equation system (4.1) assuming that funtions a1 and a2 are given. Note
that Nk, Qi depend only on c, c˙, a
i, a˙i. Funtion V does not depend on c, ai. We will use the
following formulas.
c(x1, x2, t) =
t∫
0
c˙(x1, x2, τ)dτ, (c(x1, x2, 0) = 0). (5.1)
ai(x1, x2, t) =
t∫
0
a˙i(x1, x2, τ)dτ, (ai(x1, x2, 0) = 0). (5.2)
For funtions ai,j we will use the following formula:
ai,k(x
1, x2, t) =
t∫
0
a˙i,k(x
1, x2, τ)dτ, (ai,k(x
1, x2, 0) = 0). (5.3)
Formulas (5.1), (5.2) and (5.3) establish the onnetions between funtions c, ai and c˙, a˙i.
It means that if the funtions c˙, a˙i are found then the funtions c, ai are found also.
Therefore we pass on to the new equation system (5.4) where there we will onsider
funtions c˙, a˙i, c˙,i, a˙
i
,j. We dierentiate the equation system (4.1) by t and get (5.4). Note
that Nk, Qi, N˙k, Q˙i, depend only on c, c˙, a
i, a˙i and therefore depend only on c˙, a˙i. We an
show this by dierentiating Nk, Qi by t.
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Then we obtain equation system for c˙.
c˙,1 = − d
dt
(
V a1 +Nk∂1a
k +Q1
(1 +N0)
)
c˙,2 = − d
dt
(
V a2 +Nk∂2a
k +Q2
(1 +N0)
)
(5.4)
We an present equation system (5.4) as following:
c˙,i= −V a˙i −
(−V a˙iN0 +Nk∂ia˙k + N˙k∂iak + Q˙i
(1 +N0)
)
+
N˙0(V a
i +Nk∂ia
k +Qi)
(1 +N0)2
(5.5)
Then we transform (5.5) into integral equation relative to funtion c˙. Let l∗ be arbitrary
admissible urve in D starting at the point (x1(0), x
2
(0)) and given by the equations x
1 =
x1(s), x2 = x2(s). Then we have the following equation.
c˙(x1, x2, t) =
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−−V a˙
1N0 +Nk∂1a˙
k + N˙k∂1a
k + Q˙1
(1 +N0)
+
N˙0(V a
1 +Nk∂1a
k +Q1)
(1 +N0)2
)
dx˜1+
(
−−V a˙
2N0 +Nk∂2a˙
k + N˙k∂2a
k + Q˙2
(1 +N0)
+
N˙0(V a
2 +Nk∂2a
k +Q2)
(1 +N0)2
)
dx˜2+
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−V a˙1
)
dx˜1 +
(
−V a˙2
)
dx˜2 (5.6)
Then the equation (5.6) along l∗ takes the form:
c˙(x1, x2, t) =
s∫
0
((
−−V a˙
1N0 +Nk∂1a˙
k + N˙k∂1a
k + Q˙1
(1 +N0)
+
N˙0(V a
1 +Nk∂1a
k +Q1)
(1 +N0)2
)
x1
′
(s1)+
(
−−V a˙
2N0 +Nk∂2a˙
k + N˙k∂2a
k + Q˙2
(1 +N0)
+
N˙0(V a
2 +Nk∂2a
k +Q2)
(1 +N0)2
)
x2
′
(s1)
)
ds1+
s∫
0
(
−V a˙1(s1)x1′(s1)− V a˙2(s1)x2′(s1)
)
ds1. (5.7)
The equation (5.7) is nonlinear integral equation. We will show that (5.7) has unique
solution of lass of ontinuous funtions for any ontinuous funtions a˙i and ∂pa˙
i.
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The equation (5.7) takes the form c˙ = La(c˙) + γt, where operator La has expliit form.
γt(s) =
s∫
0
(
−V a˙1(s1)x1′(s1)− V a˙2(s1)x2′(s1)
)
ds1. (5.8)
Therefore every pair of funtions a˙i ∈ Cm−2,ν orresponds to the unique funtion c˙ ∈
Cm−2,ν and therefore to the unique funtion c ∈ Cm−2,ν :
c(x1, x2, t) =
t∫
0
c˙(x1, x2, τ)dτ, (c(x1, x2, 0) = 0).
Then the equation along l∗ takes the form:
c˙(x1, x2, t) =
s∫
0
(
Ka(s1, c˙(s1))
)
ds1 + γt(s), (5.9)
where
Ka(s1, c˙(s1)) =((
−−V a˙
1N0 +Nk∂1a˙
k + N˙k∂1a
k + Q˙1
(1 +N0)
+
N˙0(V a
1 +Nk∂1a
k +Q1)
(1 +N0)2
)
x1
′
(s1)+
(
−−V a˙
2N0 +Nk∂2a˙
k + N˙k∂2a
k + Q˙2
(1 +N0)
+
N˙0(V a
2 +Nk∂2a
k +Q2)
(1 +N0)2
)
x2
′
(s1)
)
. (5.10)
We denote:
La(c˙) =
s∫
0
(
Ka(s1, c˙(s1))
)
ds1. (5.11)
We will investigate the deidability problem of the equation in the spae Cm−2,ν(D¯):
c˙ = La(c˙) + γt. (5.12)
We will solve equation (5.12) by the method of suessive approximations.
Lemma 5.1. Let the following onditions hold:
1) metri tensor in R3 satises the onditions: ∃M0 = const > 0 suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
2) ∃t0 > 0 suh that ak(t), ∂iak(t), a˙k(t), ∂ia˙k(t) are ontinuous by t, ∀t ∈ [0, t0], ak(0) ≡
0, ∂ia
k(0) ≡ 0.
3) ∃t0 > 0 suh that ai(t) ∈ Cm−2,ν , ∂kai(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∃t∗ > 0 suh that the equation c˙ = La(c˙) + γt ∀t ∈ [0, t∗]. has unique solution of
lass Cm−2,ν ontinuous by t.
Proof.
We onstrut the sequene of funtions {c˙(k)}: we nd funtion c˙(1) from the equation
c˙(1)(x1, x2, t) =
s∫
0
(
−V a˙1(s1)x1′(s1)− V a˙2(s1)x2′(s1)
)
ds1, (5.13)
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we nd funtion c˙(k), k > 1 from the equation
c˙(k) = La(c˙
(k−1)) + γt. (5.14)
The sequene of funtions {c˙(k)} is determined uniquely and funtions c˙(k) are of lass
Cm−2,ν(D¯).
We will show that the sequene of funtions {c˙(k)} is bounded in the spae Cm−2,ν(D¯).
For any ε > 0 there exists t0 > 0 suh that for all t ∈ [0, t0) the following inequality
holds: ‖c˙(k)‖m−2,ν < ε. This inequality is proved by the method of mathematial indution.
Therefore the sequene {c˙(k)} is bounded in the spae Cm−2,ν(D¯).
We will show that the sequene {c˙(k)} is onvergent in the spae Cm−2,ν(D¯). Consider
the equations:
c˙(k) = Lac˙
(k) + γt, (5.15)
c˙(k+1) = Lac˙
(k+1) + γt. (5.16)
Subtrating from the seond equation the rst one we obtain the equation:
c˙(k+1) − c˙(k) = La(c˙(k+1))− La(c˙(k)). (5.17)
Using the expliit form of La we have the estimate:
‖c˙(k+1) − c˙(k)‖m−2,ν ≤ K3(t)‖c˙(k) − c˙(k−1)‖m−2,ν , (5.18)
where we an hoose t0 suh that the following ondition holds K3(t) < 1 for all t ∈ [0, t0).
Then the sequene {c˙(k)} is Cauhy sequene in the spae Cm−2,ν(D¯) and therefore is
onvergent sine the spae Cm−2,ν(D¯) is omplete.
We will show that obtained solution is ontinuous by t. We have:
c˙(t1)− c˙(t2) = La(c˙(t1))− La(c˙(t2)) + γt1 − γt2 . (5.19)
Then there is the estimate:
‖c˙(t1)− c˙(t2)‖m−2,ν ≤ δ1(t1, t2) + δ2(t1, t2)‖c˙(t1)− c˙(t2)‖m−2,ν , (5.20)
where funtion δ1 onverges to zero if |t1 − t2| onverges to zero. Funtion δ2(t1, t2) is suh
that for any N > 0 we an hoose suh t0 > 0 that for any t1 and t2 ∈ [0, t0) the following
inequality holds |δ2(t1, t2)| < N . Therefore we obtain the ontinuity of solution.
We will show that the equation c˙ = Lac˙ + γt has unique solution of lass C
m−2,ν(D¯) for
all suiently small t ≥ 0. Let there exist two dierent solutions c˙(1), c˙(2) of lass Cm−2,ν(D¯).
Consider the equations:
c˙(1) = Lac˙(1) + γt, (5.21)
c˙(2) = Lac˙(2) + γt. (5.22)
Subtrating from the seond equation the rst one we obtain the equation:
c˙(2) − c˙(1) = La(c˙(2))− La(c˙(1)). (5.23)
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Using the expliit form of La we have the estimate:
‖c˙(2) − c˙(1)‖m−2,ν ≤ K17(t)‖c˙(2) − c˙(1)‖m−2,ν . (5.24)
We an hoose t0 suh that the following ondition holds K17(t) < 1 for all t ∈ [0, t0).
Therefore we have ontradition. Therefore c˙(1) ≡ c˙(2) for all suiently small t ≥ 0.
Lemma 5.1. is proved.
Sine urve l∗ is arbitrary admissible inD therefore the equation (5.4) is solvable uniquely
for any ontinuous funtions a˙i and ∂pa˙
i.
Corollary. Let the onditions of lemma 5.1. hold.
Then the funtion c˙ takes the form:
c˙(x1, x2, t) =
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−V a˙1
)
dx˜1 +
(
−V a˙2
)
dx˜2 + P (a˙1, a˙2), (5.25)
and for P the following inequality holds:
‖P (a˙1(1), a˙2(1))− P (a˙1(2), a˙2(2))‖m−2,ν ≤ K8(t)(‖a˙1(1) − a˙1(2)‖m−2,ν + ‖a˙2(1) − a˙2(2)‖m−2,ν),
where for any ε > 0 there exists t0 > 0 suh that for all t ∈ [0, t0) the following inequality
holds: K8(t) < ε.
The proof follows from onstrution of funtion c˙.
6. Dedution the formulas of deformations preserving the
produt of prinipal urvatures.
6.1. Dedution the formula of ∆(g).
Consider the following
∆(g) = gt − g, (6.1.1)
where gt is determinant of the rst fundamental form matrix of hypersurfae Ft.
We will alulate ∆(gij). Deformation {Ft} of surfae F is dened by the formula (1.1).
We will use (2.1), (2.2), (2.3), where
aj(0) ≡ 0, c(0) ≡ 0. (6.1.2)
Notie that deformation of surfae F determines by the funtions aj and c.
Let a˜αβ(t) be metri tensor of Riemannian spae at the point (y
σ + zσ(t)), a˜αβ(t) ≡
a˜αβ(y
σ + zσ(t)), a˜αβ(0) ≡ a˜αβ(yσ). a˜αβ ≡ a˜αβ(0). The designations Γγβσ(0) and Γασ,β(0) mean
that the Christoel symbols are alulated at the point (yσ).
∆(gij) = a˜αβ(t)(y
α,i+z
α,i )(y
β,j +z
β,j )− a˜αβ(0)yα,i yβ,j . (6.1.3)
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Then we obtain:
∆(gij) = (a˜αβ(0) +
∂a˜αβ
∂yσ
(0)zσ)(yα,i+z
α,i )(y
β,j +z
β ,j )− a˜αβ(0)yα,i yβ,j +
(a˜αβ(t)− a˜αβ(0)− ∂a˜αβ
∂yσ
(0)zσ)(yα,i+z
α,i )(y
β,j +z
β ,j ). (6.1.4)
Therefore we have:
∆(gij) = a˜αβ(0)(y
α,i+z
α,i )(y
β,j +z
β ,j )− a˜αβ(0)yα,i yβ,j +
(a˜αβ(t)− a˜αβ(0))(yα,i+zα,i )(yβ,j +zβ,j ) + ∂a˜αβ
∂yσ
(0)zσyα,i y
β,j −
∂a˜αβ
∂yσ
(0)zσyα,i y
β,j . (6.1.5)
Hene we have:
∆(gij) = a˜αβ(0)(y
α,i z
β ,j +y
β,j z
α,i ) +
∂a˜αβ
∂yσ
(0)zσyα,i y
β,j +a˜αβ(0)z
α,i z
β ,j +
(a˜αβ(t)− a˜αβ(0))(yα,i+zα,i )(yβ,j +zβ ,j )− ∂a˜αβ
∂yσ
(0)zσyα,i y
β,j . (6.1.6)
Consider the formula:
∂a˜αβ
∂yσ
(0) = Γασ,β(0) + Γβσ,α(0) = a˜γβΓ
γ
ασ(0) + a˜γαΓ
γ
βσ(0). (6.1.7)
where Γασ,β(0),Γ
γ
βσ(0) are alulated at the point (y
σ).
Then we obtain:
∂a˜αβ
∂yσ
(0)zσyα,i y
β,j = a˜γβΓ
γ
ασ(0)z
σyα,i y
β,j +a˜γαΓ
γ
βσ(0)z
σyα,i y
β,j . (6.1.8)
We hange the positions of indies α and γ in the rst term in the right part of the
equation (6.1.8) and we also hange the positions of indies β and γ in the seond term.
Therefore we have:
∂a˜αβ
∂yσ
(0)zσyα,i y
β,j = a˜αβΓ
α
γσ(0)z
σyγ,i y
β,j +a˜αβΓ
β
γσ(0)z
σyα,i y
γ,j . (6.1.9)
Considering the following formula (2.2) we have:
∆(gij) = a˜αβ(0)y
α,i∇∗jzβ + a˜αβ(0)yβ,j∇∗i zα + (a˜αβ(t)− a˜αβ(0)−
∂a˜αβ
∂yσ
(0)zσ)yα,i y
β,j +
(a˜αβ(t)− a˜αβ(0))(yα,i zβ ,j +yβ,j zα,i ) + a˜αβ(t)zα,i zβ ,j . (6.1.10)
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Then we obtain:
gij∆(gij) = 2g
ija˜αβ(0)y
α,i∇∗jzβ + (a˜αβ(t)− a˜αβ(0)−
∂a˜αβ
∂yσ
(0)zσ)gijyα,i y
β,j +
2(a˜αβ(t)− a˜αβ(0))gijyα,i zβ ,j +a˜αβ(t)gijzα,i zβ ,j . (6.1.11)
Denote:
W1 = (a˜αβ(t)− a˜αβ(0)− ∂a˜αβ
∂yσ
(0)zσ)gijyα,i y
β,j +
2(a˜αβ(t)− a˜αβ(0))gijyα,i zβ ,j +a˜αβ(t)gijzα,i zβ ,j . (6.1.12)
Using the properties of determinant we have:
∆(g) = ggij∆(gij) +W2. (6.1.13)
where
W2 = ∆(g11)∆(g22)− (∆(g12))2. (6.1.14)
Then the equation (6.1.2) takes the form:
∆(g) = 2ggija˜αβy
α,i∇∗jzβ + gW1 +W2. (6.1.15)
Using the equation (6.1.3) we write the equation (6.1.15) as:
∆(g)
2g
= al,l−cblmgml + W1
2
+
W2
2g
. (6.1.16)
Using the formula ∂i(ln
√
g) = Γjij , where Γ
k
ij are the Christoel symbols for hypersurfae F
in the metri gij and formula of mean urvature 2H = g
imbim we write the equation (6.1.16)
as
∆(g)
2
√
g
= ∂l(
√
gal)− 2Hc√g +
√
gW1
2
+
W2
2
√
g
. (6.1.17)
The equation (6.1.17) is required equation for funtions ai and c, determining ontinuous
A−deformation of hypersurfae F .
Equation (6.1.17) takes the form:
∆(g)
2g
= ∂1a
1 + ∂2a
2 + a1∂1(ln
√
g) + a2∂2(ln
√
g)−Ψ2, (6.1.18)
where
Ψ2 = 2Hc− W1
2
− W2
2g
. (6.1.19)
Then we obtain:
∆(g) = 2g(∂1a
1 + ∂2a
2 + qka
k −Ψ2), (6.1.20)
where
q1 = ∂1(ln
√
g), q2 = ∂2(ln
√
g). (6.1.21)
Note that qk do not depend on t.
Equation (6.1.20) determines ∆(g) for deformations of surfae F in R3.
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6.2. Dedution the formulas of deformations preserving
the produt of prinipal urvatures.
Deformation {Ft} of surfae F is determined by (2.1). We will dedut the formulas of
hanging of the seond fundamental form determinant.
The ondition of preservation the produt of prinipal urvatures takes the following
form:
∆(g) =
g
b
∆(b). (6.2.1)
∆(b) = bbij∆(bij) +W
(b)
2 . (6.2.2)
We have the formula:
∆(K) =
1
b(t)
(∆(g)− g
b
∆(b)), b(t) = b+∆(b). (6.2.3)
We introdue onjugate isothermal oordinate system where
bii = V, i = 1, 2, b12 = b21 = 0, b
ii =
1
V
, i = 1, 2, b12 = b21 = 0. (6.2.4)
Then we have:
∆(b) = V (∆(b11) + ∆(b22)) +W
(b)
2 , (6.2.5)
where
W
(b)
2 = ∆(b11)∆(b22)− (∆(b12))2. (6.2.6)
Therefore the ondition of preservation the produt of prinipal urvatures takes the
following form:
∆(g) =
g
V
(∆(b11) + ∆(b22)) +
g
V 2
W
(b)
2 . (6.2.7)
We have the following formula:
bij(0) = −a˜αβ(0)yα,i∇∗jnβ(0). (6.2.8)
bij(t) = −a˜αβ(t)(yα,i + zα,i)∇∗j n˜β(t), (6.2.9)
where n˜β(t) is unit normal vetor at the point (yα + zα).
Then we obtain:
bij(t) = −a˜αβ(t)(yα,i + zα,i)(n˜β,j(t) + Γβµσ(t)(yµ,j + zµ,j)n˜σ(t)). (6.2.10)
Let nβ(t) be result of parallel transfer of unite normal vetor nβ(0) to the point (yα+ zα)
along the path of translation by deformation. Therefore we have the following formula for
all suiently small t:
nα(t) = nα(0) + nσ(0)
∞∑
k=1
Aα(k)σ(0, t). (6.2.11)
16
The solution of the Minkowski problem for open surfaes in Riemannian spae.
Use the following formula:
n˜β(t) =
nβ(t)√
a˜α0β0(t)n
α0(t)nβ0(t)
. (6.2.12)
Denote:
‖n(t)‖ =
√
a˜α0β0(t)n
α0(t)nβ0(t). (6.2.13)
Then we have:
bij(t) = −a˜αβ(t)zα,i∇∗j n˜β(t)− a˜αβ(t)yα,i∇∗j n˜β(t). (6.2.14)
Using the formulas (2.27) and (2.31) we obtain:
−a˜αβ(t)zα,i∇∗j n˜β(t) = −a˜αβ(t)∂i(ak)yα,k∇∗j n˜β(t) +M1ij , (6.2.15)
where
M1ij = −a˜αβ(t)(Γkpiapyα,k +c,i nα + akyα,k,i + cnα,i)∇∗j n˜β(t). (6.2.16)
Then we have:
−a˜αβ(t)zα,i∇∗j n˜β(t) = −a˜αβ(0)∂i(ak)yα,k∇∗jnβ(0)−
a˜αβ(t)∂i(a
k)yα,k∇∗j n˜β(t) + a˜αβ(0)∂i(ak)yα,k∇∗jnβ(0) +M1ij , (6.2.17)
Dene:
M2ij = −a˜αβ(t)∂i(ak)yα,k∇∗j n˜β(t) + a˜αβ(0)∂i(ak)yα,k∇∗jnβ(0) +M1ij . (6.2.18)
Consequently we get:
−a˜αβ(t)zα,i∇∗j n˜β(t) = −a˜αβ(0)∂i(ak)yα,k∇∗jnβ(0) +M2ij . (6.2.19)
We use the following equation:
∇∗jnβ(0) = −bjkgklyβ,l . (6.2.20)
Then we obtain:
−a˜αβ(t)zα,i∇∗j n˜β(t) = ∂i(ak)bjk +M2ij . (6.2.21)
Using the fat b12 = 0 we have:
−a˜αβ(t)zα,1∇∗1n˜β(t) = V ∂1(a1) +M211, (6.2.22)
−a˜αβ(t)zα,2∇∗2n˜β(t) = V ∂2(a2) +M222. (6.2.23)
We have the expression:
∇∗j n˜β(t) = n˜β,j(t)+Γβµσ(t)(yµ,j + zµ,j)n˜σ(t) =
(
nβ(t)
‖n(t)‖
)
,j
+Γβµσ(t)(y
µ
,j + z
µ
,j)
(
nσ(t)
‖n(t)‖
)
. (6.2.24)
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Then we obtain:
∇∗j n˜β(t) =
∇∗jnβ(t)
‖n(t)‖ + n
β(t)
(
1
‖n(t)‖
)
,j
. (6.2.25)
Consider the equation:
−a˜αβ(t)yα,i∇∗j n˜β(t) = −a˜αβ(t)yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
− a˜αβ(t)yα,inβ(t)
(
1
‖n(t)‖
)
,j
. (6.2.26)
Consider the formula:
∇∗jnβ(t) = nβ,j(t) + Γβµσ(t)(yµ,j + zµ,j)nσ(t). (6.2.27)
Then we have:
∇∗jnβ(t) = nβ,j(t) + Γβµσ(t)yµ,jnσ(t) + Γβµσ(t)zµ,jnσ(t) =
= nβ,j(t) + Γ
β
µσ(0)y
µ
,jn
σ(t) + (Γβµσ(t)− Γβµσ(0))yµ,jnσ(t)+
Γβµσ(0)z
µ
,jn
σ(t) + (Γβµσ(t)− Γβµσ(0))zµ,jnσ(t). (6.2.28)
We will use the following formula:
nβ(t) = nβ(0) + nσ(0)
∞∑
k=1
Aβ(k)σ(0, t). (6.2.29)
Denote:
Aβ1 (t) = n
σ(0)
∞∑
k=1
Aβ(k)σ(0, t), (6.2.30)
Aβ2 (t) = n
σ(0)
∞∑
k=2
Aβ(k)σ(0, t). (6.2.31)
We use the equation:
nβ(t) = nβ(0) + nσ(0)Aβ(1)σ(0, t) + A
β
2 (t). (6.2.32)
We have:
nβ,j(t) = n
β
,j(0) + n
σ
,j(0)A
β
(1)σ(0, t) + n
σ(0)Aβ(1)σ,j(0, t) + A
β
2,j(t). (6.2.33)
Hene:
∇∗jnβ(t) = nβ,j(0) + nσ,j(0)Aβ(1)σ(0, t) + nσ(0)Aβ(1)σ,j(0, t) + Aβ2,j(t)+
Γβµτ (0)y
µ
,jn
τ (0) + Γβµτ (0)y
µ
,jn
σ(0)Aτ(1)σ(0, t) + Γ
β
µτ (0)y
µ
,jA
τ
2(t)+
(Γβµτ (t)− Γβµτ (0))yµ,jnτ (0) + (Γβµτ (t)− Γβµτ (0))yµ,jAτ1(t)+
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Γβµτ (0)z
µ
,jn
τ (0) + Γβµτ (0)z
µ
,jA
τ
1(t) + (Γ
β
µτ (t)− Γβµτ (0))zµ,jnτ (t). (6.2.34)
Denote:
T βj = n
σ
,j(0)A
β
(1)σ(0, t) + A
β
2,j(t) + Γ
β
µτ (0)y
µ
,jn
σ(0)Aτ(1)σ(0, t) + Γ
β
µτ (0)y
µ
,jA
τ
2(t)+
(Γβµτ (t)− Γβµτ (0))yµ,jnτ (0) + (Γβµτ (t)− Γβµτ (0))yµ,jAτ1(t)+
Γβµτ (0)z
µ
,jA
τ
1(t) + (Γ
β
µτ (t)− Γβµτ (0))zµ,jnτ (t). (6.2.35)
Then we get:
∇∗jnβ(t) = nβ,j(0) + Γβµτ (0)yµ,jnτ (0) + nσ(0)Aβ(1)σ,j(0, t) + Γβµτ (0)zµ,jnτ (0) + T βj =
∇∗jnβ(0) + nσ(0)Aβ(1)σ,j(0, t) + Γβµτ (0)zµ,jnτ (0) + T βj . (6.2.36)
Consider the expression:
−a˜αβ(t)yα,i∇∗jnβ(t) = −a˜αβ(0)yα,i∇∗jnβ(t)− (a˜αβ(t)− a˜αβ(0))yα,i∇∗jnβ(t) =
a˜αβ(0)y
α
,ibjkg
klyβ,l − a˜αβ(0)yα,i(nσ(0)Aβ(1)σ,j(0, t) + Γβµτ (0)zµ,jnτ (0))−
a˜αβ(0)y
α
,iT
β
j − (a˜αβ(t)− a˜αβ(0))yα,i∇∗jnβ(t). (6.2.37)
Then we obtain:
−a˜αβ(t)yα,i∇∗jnβ(t) = bji − a˜αβ(0)yα,i(nσ(0)Aβ(1)σ,j(0, t) + Γβµτ (0)zµ,jnτ (0))−
a˜αβ(0)y
α
,iT
β
j − (a˜αβ(t)− a˜αβ(0))yα,i∇∗jnβ(t). (6.2.38)
Therefore:
−a˜αβ(t)yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
=
bji
(
1
‖n(t)‖
)
− a˜αβ(0)yα,i(nσ(0)Aβ(1)σ,j(0, t) + Γβµτ (0)zµ,jnτ (0))
(
1
‖n(t)‖
)
−
a˜αβ(0)y
α
,iT
β
j
(
1
‖n(t)‖
)
− (a˜αβ(t)− a˜αβ(0))yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
. (6.2.39)
We hange the form of last expression:
−a˜αβ(t)yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
=
bji +
bji(1− ‖n(t)‖)
‖n(t)‖ − a˜αβ(0)y
α
,i(n
σ(0)Aβ(1)σ,j(0, t) + Γ
β
µτ (0)z
µ
,jn
τ (0))
(
1
‖n(t)‖
)
−
a˜αβ(0)y
α
,iT
β
j
(
1
‖n(t)‖
)
− (a˜αβ(t)− a˜αβ(0))yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
. (6.2.40)
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Dene:
M3ij =
bji(1− ‖n(t)‖)
‖n(t)‖ − a˜αβ(0)y
α
,i(n
σ(0)Aβ(1)σ,j(0, t) + Γ
β
µτ (0)z
µ
,jn
τ (0))
(
1
‖n(t)‖
)
−
a˜αβ(0)y
α
,iT
β
j
(
1
‖n(t)‖
)
− (a˜αβ(t)− a˜αβ(0))yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
. (6.2.41)
Then we have:
−a˜αβ(t)yα,i∇∗jnβ(t)
(
1
‖n(t)‖
)
= bij +M
3
ij . (6.2.42)
Consequently:
bij(t) = −a˜αβ(t)zα,i∇∗j n˜β(t)− a˜αβ(t)yα,i∇∗j n˜β(t) =
∂i(a
k)bjk +M
2
ij + bij +M
3
ij − a˜αβ(t)yα,inβ(t)
(
1
‖n(t)‖
)
,j
. (6.2.43)
Denote:
M4ij = M
2
ij +M
3
ij − a˜αβ(t)yα,inβ(t)
(
1
‖n(t)‖
)
,j
. (6.2.44)
Hene:
bij(t) = ∂i(a
k)bjk + bij +M
4
ij . (6.2.45)
Therefore:
∆(bij) = ∂i(a
k)bjk +M
4
ij . (6.2.46)
Then we have:
∆(b11) = V ∂1(a
1) +M411, (6.2.47)
∆(b22) = V ∂2(a
2) +M422. (6.2.48)
Hene the ondition of preservation the produt of prinipal urvatures takes the following
form:
∆(g) = g(∂1(a
1) + ∂2(a
2)) +
g
V
(M411 +M
4
22) +
g
V 2
W
(b)
2 . (6.2.49)
Using the formula (6.1.20) we obtain the equation of preservation the produt of prinipal
urvatures:
∂1a
1 + ∂2a
2 + 2qka
k − 2Ψ2 = 1
V
(M411 +M
4
22) +
1
V 2
W
(b)
2 . (6.2.50)
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Then we have:
∂1a
1 + ∂2a
2 + 2qka
k = 2Ψ2 +
1
V
(M411 +M
4
22) +
1
V 2
W
(b)
2 . (6.2.51)
We dierentiate the equation (6.2.51) by t. Then we have:
∂1a˙
1 + ∂2a˙
2 + 2qka˙
k = 2Ψ˙2 +
1
V
(M˙411 + M˙
4
22) +
1
V 2
W˙
(b)
2 . (6.2.52)
The equation takes the following form:
∂1a˙
1 + ∂2a˙
2 + q
(b)
k a˙
k = Ψ˙
(b)
2 , (6.2.53)
where Ψ˙
(b)
2 = q
(b)
0 c˙ − P0(a˙1, a˙2, ∂ia˙j). P0 has expliit form. Notie that q(b)k ∈ Cm−3,ν , q(b)0 ∈
Cm−3,ν and do not depend on t.
Lemma 6.2.1. Let the following onditions hold:
1) metri tensor in R3 satises the onditions: ∃M0 = const > 0 suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
2) ∃t0 > 0 suh that ak(t), ∂iak(t), a˙k(t), ∂ia˙k(t) are ontinuous by t, ∀t ∈ [0, t0], ak(0) ≡
0, ∂ia
k(0) ≡ 0.
3) ∃t0 > 0 suh that ai(t) ∈ Cm−2,ν , ∂kai(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∃t∗ > 0 suh that for all t ∈ [0, t∗) P0 ∈ Cm−3,ν and the following inequality holds:
‖P0(a˙1(1), a˙2(1))− P0(a˙1(2), a˙2(2))‖m−2,ν ≤ K9(t)(‖a˙1(1) − a˙1(2)‖m−1,ν + ‖a˙2(1) − a˙2(2)‖m−1,ν),
where for any ε > 0 there exists t0 > 0 suh that for all t ∈ [0, t0) the following inequality
holds: K9(t) < ε.
The proof follows from onstrution of funtion P0 and lemmas of 7 and 8.
The equation (6.2.53) determines deformations of surfae F preserving the produt of
prinipal urvatures with ondition of G−deformation.
6.2.1. The formulas of ∆(K) and ∆˙(K).
Consider the following formula:
∆(K) =
1
b(t)
(∆(g)− g
b
∆(b)) =
g
b(t)
(∂1a
1 + ∂2a
2 + 2qka
k − (2Ψ2 + 1
V
(M411 +M
4
22) +
1
V 2
W
(b)
2 )), (6.2.54)
b(t) = b+∆(b). (6.2.55)
We have:
K(t) = K +∆(K). (6.2.56)
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Therefore:
b˙(t) = ∆˙(b), K˙(t) = ∆˙(K). (6.2.57)
Then we obtain:
∆˙(K) = −g∆˙b(t)
(b(t))2
(∂1a
1 + ∂2a
2 + 2qka
k − (2Ψ2 + 1
V
(M411 +M
4
22) +
1
V 2
W
(b)
2 ))+
g
b(t)
(∂1a˙
1 + ∂2a˙
2 + 2qka˙
k − (2Ψ˙2 + 1
V
(M˙411 + M˙
4
22) +
1
V 2
W˙
(b)
2 )). (6.2.58)
We nally obtain the following formula:
∆˙(K) = −g∆˙b(t)
(b(t))2
(∂1a
1 + ∂2a
2 + 2qka
k − (2Ψ2 + 1
V
(M411 +M
4
22) +
1
V 2
W
(b)
2 ))+
g
b(t)
(∂1a˙
1 + ∂2a˙
2 + q
(b)
k a˙
k − Ψ˙(b)2 ). (6.2.59)
7. Auxiliary estimations of norms.
Denote:
‖∂z‖(t)m1,ν = maxα,i ‖zα,i‖(t)m1,ν = maxα,imaxτ∈[0;t] ‖zα,i(τ)‖m1,ν .
Lemma 7.1. it The following estimations hold:
1) ‖z‖(t)m1,ν ≤ M5(‖a‖(t)m1,ν + ‖c‖(t)m1,ν),
2) ‖a‖(t)m1,ν ≤M6‖z‖(t)m1,ν ,
3) ‖c‖(t)m1,ν ≤M7‖z‖(t)m1,ν ,
4) ‖∂z‖(t)m1,ν ≤M8‖z‖(t)m1+1,ν ,
where onstants M5,M6,M7,M8 are determined by surfae F and do not depend on t.
Proof of lemma follows from properties of norm in the spae Cm1,ν .
Lemma 7.2. The following estimations hold:
1) ‖W1‖(t)m1,ν ≤ M2((‖z‖(t)m1,ν)2 + ‖z‖(t)m1,ν‖∂z‖(t)m1,ν + (‖∂z‖(t)m1 ,ν)2),
2)
‖∆(gij)‖(t)m1,ν ≤M3(‖z‖(t)m1,ν + ‖∂z‖(t)m1,ν + (‖z‖(t)m1,ν)2 + ‖z‖(t)m1,ν‖∂z‖(t)m1,ν + (‖∂z‖(t)m1,ν)2).
3) ‖W2‖(t)m1,ν ≤ M4(maxi,j ‖∆(gij)‖(t)m1,ν)2,
where onstants M2,M3,M4 are determined by surfae F and do not depend on t.
Proof of lemma follows from properties of norms in the spae Cm1,ν .
Lemma 7.3. Let the following onditions hold:
1) metri tensor of R3 satises the onditions: ∃M0 = const > 0, suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
2) ∃t0 > 0, suh that c(t), c,i(t), ak(t), ∂iak(t) are ontinuous by t, ∀t ∈ [0, t0], c(0) ≡
0, c,i(0) ≡ 0, ak(0) ≡ 0, ∂iak(0) ≡ 0.
3) ∃t0 > 0, suh that zα(t) ∈ Cm−2,ν , zα,i(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∀ε > 0∃t0 > 0 suh that
1) ‖W1‖(t)m−3,ν ≤ ε, ∀t ∈ [0, t0].
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2) ‖W2‖(t)m−3,ν ≤ ε, ∀t ∈ [0, t0].
3) ‖Ψ2‖(t)m−3,ν ≤ ε, ∀t ∈ [0, t0].
Proof of lemma follows from the form of funtions W1,W2,Ψ2, properties of spae C
m,ν
and previous lemmas.
8. Properties of funtions W˙1, W˙2, Ψ˙2.
8.1. Formula of funtion W˙1.
We have:
W˙1 = ( ˙˜aαβ(t)− ∂a˜αβ
∂yσ
(0)z˙σ)gijyα,i y
β,j +
2 ˙˜aαβ(t)g
ijyα,i z
β ,j +2(a˜αβ(t)− a˜αβ(0))gijyα,i z˙β ,j +˙˜aαβ(t)gijzα,i zβ ,j +
a˜αβ(t)g
ij z˙α,i z
β ,j +a˜αβ(t)g
ijzα,i z˙
β ,j . (8.1)
Consider the formula:
˙˜aαβ(t) =
∂a˜αβ(t)
∂yσ
z˙σ. (8.2)
Using (8.2) we obtain:
W˙1 = (
∂a˜αβ(t)
∂yσ
z˙σ − ∂a˜αβ
∂yσ
(0)z˙σ)gijyα,i y
β,j +
2
∂a˜αβ(t)
∂yσ
z˙σgijyα,i z
β ,j +2(a˜αβ(t)− a˜αβ(0))gijyα,i z˙β ,j +∂a˜αβ(t)
∂yσ
z˙σgijzα,i z
β ,j +
a˜αβ(t)g
ij z˙α,i z
β ,j +a˜αβ(t)g
ijzα,i z˙
β ,j . (8.3)
8.2. Formula of funtion W˙2.
W˙2 = ∆˙(g11)∆(g22) + ∆(g11)∆˙(g22)− 2∆(g12)∆˙(g12). (8.4)
∆˙(gij) = a˜αβ(0)y
α,i∇∗j z˙β + a˜αβ(0)yβ,j∇∗i z˙α + ( ˙˜aαβ(t)−
∂a˜αβ
∂yσ
(0)z˙σ)yα,i y
β,j +
˙˜aαβ(t)(y
α,i z
β ,j +y
β,j z
α,i ) + (a˜αβ(t)− a˜αβ(0))(yα,i z˙β ,j +yβ,j z˙α,i )+
˙˜aαβ(t)z
α,i z
β ,j +a˜αβ(t)z˙
α,i z
β ,j +a˜αβ(t)z
α,i z˙
β ,j . (8.5)
Then we have:
∆˙(gij) = a˜αβ(0)y
α,i∇∗j z˙β + a˜αβ(0)yβ,j∇∗i z˙α + (
∂a˜αβ(t)
∂yσ
z˙σ − ∂a˜αβ
∂yσ
(0)z˙σ)yα,i y
β,j +
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∂a˜αβ(t)
∂yσ
z˙σ(yα,i z
β ,j +y
β,j z
α,i ) + (a˜αβ(t)− a˜αβ(0))(yα,i z˙β ,j +yβ,j z˙α,i )+
∂a˜αβ(t)
∂yσ
z˙σzα,i z
β ,j +a˜αβ(t)z˙
α,i z
β,j +a˜αβ(t)z
α,i z˙
β ,j . (8.6)
8.3. The inequalities for norms of funtions W˙1, W˙2, Ψ˙2.
Denote:
‖∇∗z‖(t)m1,ν = maxα,i ‖∇∗i zα‖(t)m1,ν = maxα,imaxτ∈[0;t] ‖∇∗i zα(τ)‖m1,ν .
‖∇∗z˙‖(t)m1,ν = maxα,i ‖∇∗i z˙α‖(t)m1,ν = maxα,imaxτ∈[0;t] ‖∇∗i z˙α(τ)‖m1,ν .
Lemma 8.3.1. The following estimations hold:
1) ‖W˙1‖(t)m1,ν ≤ M20(‖z˙‖(t)m1,ν‖z‖(t)m1,ν + ‖z˙‖(t)m1,ν‖∂z‖(t)m1 ,ν + ‖z‖(t)m1,ν‖∂z˙‖(t)m1,ν +
‖z˙‖(t)m1,ν(‖∂z‖(t)m1,ν)2 + ‖∂z˙‖(t)m1,ν‖∂z‖(t)m1,ν).
2) ‖∇∗z‖(t)m1,ν ≤M21(‖∂z‖(t)m1 ,ν + ‖z‖(t)m1,ν).
3) ‖∇∗z˙‖(t)m1,ν ≤M22(‖∂z˙‖(t)m1,ν + ‖z˙‖(t)m1,ν).
4) ‖∆˙(gij)‖(t)m1,ν ≤M23(‖∇∗z˙‖(t)m1,ν+‖z˙‖(t)m1,ν‖z‖(t)m1,ν+‖z˙‖(t)m1,ν‖∂z‖(t)m1 ,ν+‖z‖(t)m1,ν‖∂z˙‖(t)m1,ν+
‖z˙‖(t)m1,ν(‖∂z‖(t)m1,ν)2 + ‖∂z˙‖(t)m1,ν‖∂z‖(t)m1,ν).
5) ‖W˙2‖(t)m1,ν ≤ M24(maxi,j ‖∆˙(gij)‖(t)m1,ν)(maxi,j ‖∆(gij)‖(t)m1,ν).
Proof of lemma follows from the forms of funtions W1,W2, W˙1, W˙2, properties of spae
Cm1,ν and previous lemmas.
Lemma 8.3.2. Let the onditions of lemma 7.3. hold:
1) metri tensor of R3 satises the onditions: ∃M0 = const > 0, suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
2) ∃t0 > 0, suh that c(t), c,i(t), ak(t), ∂iak(t) are ontinuous by t, ∀t ∈ [0, t0], c(0) ≡
0, c,i(0) ≡ 0, ak(0) ≡ 0, ∂iak(0) ≡ 0.
3) ∃t0 > 0, suh that zα(t) ∈ Cm−2,ν , zα,i(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∀ε > 0∃t0 > 0, suh that
1) ‖W˙1‖(t)m−3,ν ≤ ε, ∀t ∈ [0, t0].
2) ‖W˙2‖(t)m−3,ν ≤ ε, ∀t ∈ [0, t0].
3) ‖Ψ˙2‖(t)m−3,ν ≤ ε, ∀t ∈ [0, t0].
Proof of lemma follows from the form of funtions W1,W2, W˙1, W˙2, properties of spae
Cm1,ν and previous lemmas.
9. Deidability of boundary-value problem A.
We have the following equation system of ellipti type:
∂2a˙
1 − ∂1a˙2 + pka˙k = Ψ˙1,
∂1a˙
1 + ∂2a˙
2 + q
(b)
k a˙
k = Ψ˙
(b)
2 , (9.1)
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where we use (6.2.53). Ψ˙
(b)
2 = q
(b)
0 c˙− P0. Note that q(b)k do not depend on t.
Without loss of generality we denote x1 as x2 and x2 as x1.
We write (9.1) as:
∂1a˙
1 − ∂2a˙2 + pka˙k = Ψ˙1,
∂2a˙
1 + ∂1a˙
2 + q
(b)
k a˙
k = Ψ˙
(b)
2 , (9.2)
Dene: w = a1 + ia2, z = x1 + ix2.
Therefore we have boundary-value problem for generalized analyti funtions.
∂z¯w˙ + Aw˙ +B ¯˙w = Ψ˙0, Re{λw˙} = ϕ˙ on ∂D, (9.3)
where
∂z¯w˙ =
1
2
(w˙x + iw˙y), A =
1
4
(p1 + q
(b)
2 + iq
(b)
1 − ip2),
B =
1
4
(p1 − q(b)2 + iq(b)1 + ip2), Ψ˙0 =
1
2
(Ψ˙1 + iΨ˙
(b)
2 ). (9.4)
We hange the form of obtained boundary-value problem (9.4). Consider the following:
Ψ˙
(b)
2 = q
(b)
0 c˙− P0 =
q
(b)
0
( (x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−V a˙1
)
dx˜1 +
(
−V a˙2
)
dx˜2
)
+ q
(b)
0 P (a˙
1, a˙2)− P0. (9.5)
Denote:
Ψ˙3 = q
(b)
0 P (a˙
1, a˙2)− P0. (9.6)
We dene: Ψ˙ = 1
2
(Ψ˙1 + iΨ˙3).
By (9.5), (9.6), the boundary-value problem (9.4) takes the form:
∂z¯w˙ + Aw˙ +B ¯˙w + i
q
(b)
0
2
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
V a˙1
)
dx˜1 +
(
V a˙2
)
dx˜2 = Ψ˙, (9.7)
Re{λw˙} = ϕ˙ on ∂D.
Therefore we have:
∂z¯w˙ + Aw˙ +B ¯˙w+
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
i
q
(b)
0 (x
1, x2)
2
V (x˜1, x˜2)a˙1
)
dx˜1 +
(
i
q
(b)
0 (x
1, x2)
2
V (x˜1, x˜2)a˙2
)
dx˜2 = Ψ˙, (9.8)
Re{λw˙} = ϕ˙ on ∂D.
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Using the formulas: a˙1 = 1
2
(w˙ + ¯˙w), a˙2 = i
2
( ¯˙w − w˙),
and denoting: E0 = i
q
(b)
0 (x
1,x2)
2
V (x˜1, x˜2) we obtain the following form of desired boundary-
value problem:
∂z¯w˙ + Aw˙ +B ¯˙w +
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
E0
2
(w˙ + ¯˙w)
)
dx˜1 +
(
iE0
2
( ¯˙w − w˙)
)
dx˜2 = Ψ˙, (9.9)
Re{λw˙} = ϕ˙ on ∂D.
We denote:
E(w˙) =
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
E0
2
(w˙ + ¯˙w)
)
dx˜1 +
(
iE0
2
( ¯˙w − w˙)
)
dx˜2. (9.10)
Then we nally have the form of desired boundary-value problem:
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, Re{λw˙} = ϕ˙ on ∂D. (9.11)
Let, along the ∂F , be given vetor eld tangent to F. We denote it by the following
formula:
vα = liyα,i. (9.12)
We onsider the boundary-value ondition:
a˜αβz
αvβ = γ˜(s, t), s ∈ ∂D. (9.13)
Dene: λ˜k = a˜αβy
α
,kv
β, k = 1, 2.
Then boundary ondition takes the form: Re{(a˙1 + ia˙2)(λ˜1 − iλ˜2)} = ˙˜γ on ∂F.
Denote: λk =
λ˜k
(λ˜1)2+(λ˜2)2
, k = 1, 2. ϕ˙ =
˙˜γ
(λ˜1)2+(λ˜2)2
.
Then boundary-value ondition takes the form: Re{λw˙} = ϕ˙ on ∂F, where |λ| = 1.
We analyze the deidability of the following boundary-value problem (A):
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, Re{λw˙} = ϕ˙ on ∂D, (9.14)
λ = λ1 + iλ2, |λ| ≡ 1, λ, ϕ˙ ∈ Cm−2,ν(∂D).
We use the fat that Ψ˙ = Ψ˙(w˙, z, t), E(w˙) = E(w˙, z, t), w˙ = w˙(t),
ϕ˙ = ϕ˙(s, t), s ∈ ∂D, λ = λ(s), s ∈ ∂D.
Let n be index of obtained boundary-value problem
n =
1
2pi
∆∂D arg λ(s). (9.15)
Theorem 9.1. Let t be xed.
Let A(z), B(z), Ψ˙(z) ∈ Cm−3,ν(D¯), λ(s), ϕ˙ ∈ Cm−2,ν(∂D), |λ(s)| ≡ 1.
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Let Ψ˙(0, z) = 0, ‖Ψ˙(w˙1, z)− Ψ˙(w˙2, z)‖m−2,ν ≤ µ(ρ)‖w˙1 − w˙2‖m−1,ν ,
for ‖w˙1‖m−2,ν ≤ ρ, ‖w˙2‖m−2,ν ≤ ρ, limρ→0 µ(ρ) = 0.
Then, assuming that t is xed, the following holds:
1) if n ≥ 0 then there exist ρ and ε(ρ) > 0 suh that for ‖ϕ˙‖m−2,ν ≤ ε the boundary-value
problem has (2n+ 1)−parametri solution of lass Cm−2,ν(D¯) for any admissible ϕ˙.
2) if n < 0 then there exist ρ > 0 and ε(ρ) > 0 suh that for ‖ϕ˙‖m−2,ν ≤ ε(ρ) the
boundary-value problem has nor more than one solution of lass Cm−2,ν(D¯) for any admissible
ϕ˙. For ϕ˙ ≡ 0 boundary-value problem with ondition: ‖w˙‖m−2,ν ≤ ρ has only zero solution.
Proof. Consider the following boundary-value problem (A0):
∂z¯w˙ + Aw˙ +B ¯˙w = Ψ˙, Re{λw˙} = ϕ˙ on ∂D, (9.16)
|λ| ≡ 1, ϕ˙ ∈ Cm−2,ν(∂D), Ψ˙ ∈ Cm−3,ν(D¯).
Consider the operator:
I(Ψ˙, z) = −1
pi
∫ ∫
D
(Ω1(z, ζ)Ψ˙(ζ) + Ω2(z, ζ)Ψ˙(ζ))dξdη, ζ = ξ + iη, (9.17)
where Ω1,Ω2 are prinipal kernels of the equation ∂z¯w˙ + A(z)w˙ +B(z) ¯˙w = 0.
It is well known [17,18℄ that operator I(Ψ˙, z) takes the form:
I(Ψ˙, z) = T (Ψ˙)− 1
pi
∫ ∫
D
(K1(z, ζ)Ψ˙(ζ) + Ω2(z, ζ)Ψ˙(ζ))dξdη, ζ = ξ + iη, (9.18)
T (Ψ˙) = −1
pi
∫ ∫
D
Ψ˙(ζ)
ζ − z dξdη, (9.19)
where operator T (Ψ˙) is ompletely ontinuous [17,18℄.
Consider the operator:
A(Ψ˙, z) = I(Ψ˙, z) +
∫
∂D
Re{λ(s)I(Ψ˙, s)}M0(z, s)ds, (9.20)
where M0(z, s) is kernel of boundary-value problem (do not depend on ϕ˙)
∂z¯w˙ + A(z)w˙ +B(z) ¯˙w = 0, Re{λ(s)w(s)} = ϕ˙, s ∈ ∂D. (9.21)
Consider the operator
A2(w˙) = A1(w˙) = A(Ψ˙(w˙, z)). (9.22)
Aording to the results from [20℄, theorem 9.1. is valid for problem (A0). For the ase
n ≥ 0 problem (A0) is solved as:
w˙ = A2(w˙) +
∫
∂D
ϕ˙(s)M0(z, s)ds+
2n+1∑
i=1
ciw˙i. (9.23)
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Therefore for the ase n ≥ 0 problem (A) is solved as:
w˙ = A2(w˙) +
∫
∂D
ϕ˙(s)M0(z, s)ds+
2n+1∑
i=1
ciw˙i + A2(E(w˙)). (9.24)
Then for this equation we use theory of Fredholm operator of index zero and theory of
Volterra operator equation. Therefore we an solve (9.24) by the method of suessive
approximations.
For the ase n < 0 we solve the problem (A0) as equation system onsisting of −2n
equations:
w˙ = A2(w˙) +
∫
∂D
ϕ˙(s)M0(z, s)ds, (9.25)
∫
∂D
(ϕ˙(s) +Re{λ(s)I(Ψ˙, s)})w˙′j(s)λ(s)ds = 0, j = 1,−2n− 1,
where w˙′j are omplete system of solutions of the following problem:
∂z¯w˙
′ − A(z)w˙′ − B¯(z)w˙′ = 0, Re{λ(z)dz(s)
ds
w˙′(z)} = 0 on ∂D
Then for the ase n < 0 we solve the problem (A) as equation system onsisting of −2n
equations:
w˙ = A2(w˙) +
∫
∂D
ϕ˙(s)M0(z, s)ds+ A2(E(w˙)), (9.26)
∫
∂D
(ϕ˙(s) +Re{λ(s)I(Ψ˙, s)})w˙′j(s)λ(s)ds = 0, j = 1,−2n− 1,
where w˙′j are omplete system of solutions of the following problem:
∂z¯w˙
′ − A(z)w˙′ − B¯(z)w˙′ = 0, Re{λ(z)dz(s)
ds
w˙′(z)} = 0 on ∂D
Then for this equation system we use theory of Fredholm operator of index zero and theory
of Volterra operator equation.
By modifying standard method from [20℄, using the method of suessive approximations
and priniple of ontrative mapping, we obtain the proof theorem 9.1. for boundary-value
problem (A).
Theorem 9.2. Let F ∈ Cm,ν , ν ∈ (0; 1), m ≥ 4, ∂F ∈ Cm+1,ν .
Then the following holds:
1) if n ≥ 0 then there exists t0 > 0 and exists ε(t0) > 0 suh that for ‖ϕ˙‖m−2,ν ≤ ε
boundary-value problem (A) for all t ∈ [0, t0) has (2n + 1)−parametri solution of lass
Cm−2,ν(D¯) ontinuous by t ∈ [0, t0) for any admissible ϕ˙.
2) if n < 0 then exists t0 > 0 and exists ε(t0) > 0 suh that for ‖ϕ˙‖m−2,ν ≤ ε(t0)
boundary-value problem (A) for all t ∈ [0, t0) has nor more than one solution of lass Cm,ν(D¯)
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ontinuous by t ∈ [0, t0) for any admissible ϕ˙. For ϕ˙ ≡ 0 the boundary-value problem has
only zero solution.
Proof follows from theorem 9.1., form of funtion Ψ˙ and the fat that for all suiently
small t the onditions of theorem 9.1 hold.
10. Proof of theorem 1.
Proof of theorem 1 follows from theorem 9.2., formulas of MG−deformation and formulas of
nding funtion c˙ on funtions a˙j . Using the ondition of theorem 1: at the point (x1(0), x
2
(0))
of the domain D, the following ondition holds: ∀t : ai(t) ≡ 0, c(t) ≡ 0. Therefore in ase
1) n > 0 boundary-value problem (A) has (2n − 1)−parametri solution. Using similar
reasonings we prove theorem 1 for the ases 2) and 3).
The theorem 1 is proved.
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